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Abstract– In this paper, the meshless local Petrov-Galerkin (MLPG) method is used to analyze the 
dynamic fracture of an isotropic FGM plate containing a center crack. The dynamic stress intensity 
factors are studied under the influence of various non-homogeneity ratios. Both the moving least 
square (MLS) and the direct method have been applied to estimate the shape function and to 
impose the essential boundary conditions. The enriched weight function method is used to simulate 
the displacement and stress field around the crack tip. Normalized dynamic stress intensity factors 
(NDSIF) are calculated using the path independent integral, J*, which is formulated for the non-
homogeneous material. 

To validate the method, the homogenous center cracked plate problem is analyzed. The 
obtained results show good agreement between the analytical solution and the MLPG results for 
homogenous material. After validation, a center cracked plate made of FGM with two different 
material gradations (along and normal to the crack length) and three different lengths of FGM zone 
under the effect of step load are considered, and the following six distinct problems are studied 
here.            
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1. INTRODUCTION 
 

Functionally graded materials (FGMs) are a new generation of engineered materials that contain a 

continuous, or discontinuous, gradient in composition and microstructure. Such gradients can be tailored 

to meet specific needs while providing the best use of composite components [1]. The concept of FGMs 

was proposed in 1984 by material scientists in the Sendai area, Japan, as a means of preparing thermal 

barrier materials [2]. This technology solves the problem of sharp interface between two dissimilar 

materials. The absence of sharp interfaces in continually graded FGMs greatly reduces material property 

mismatch, which has been found to improve resistance to interfacial delamination and fatigue crack 

propagation [3]. Crack problems in FGMs have received considerable attention from a number of 

researchers around the world. In [4] it was shown that the J integral introduced by Rice concerning non-

homogeneous material is not path-independent. Subsequently, Eischen has introduced a new path 

independent integral J* for elastostatic problems [5]. In this mentioned paper, the FEM method was used 

to solve the problem. In [6] the J* integral concept is implemented to element free Galerkin (EFG) method 

for FGM problems.  

Although the analytical study of non-homogeneous problems provides the closed-form solutions, 
these solutions are limited to the problems with simple geometries, certain types of gradation and the 
special loading cases. For this reason, the analytical method is not applicable to most of the problems and 
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numerical approaches such as finite element method, boundary element method, meshless method [7], etc. 
are inevitable. In [8] a simple method was presented to determine the numerical value of stress intensity 
factors. The effect of non-homogeneity on the numerical calculation of J integral was also investigated in 
this research and accurate results were obtained by employing very small elements around the crack. 
Numerical analysis of crack-tip fields in functionally graded materials with a crack normal to the elastic 
gradient was also performed by Marur et al. in [9]. 

In the past two decades, Meshless methods have attracted considerable attention in solving boundary 

value problems. The main feature of these methods is rooted in the fact that only a set of scattered nodes 

in the physical domain is required to approximate the solutions, and the nodes do not need to be connected 

to form closed polygons. In contrast to the finite element method, Meshless methods can save the 

preprocessing work of mesh generation, as no element is required for the whole model [10]. A ‘‘true 

meshless’’ method is presented in [11] that does not require any mesh for the integration of the weak 

formulations. This method is based on a local weak form in conjunction with the moving least squares 

(MLS) approximation and is known as the meshless local Petrov–Galerkin (MLPG) method. Integration 

for each node is implemented only over a local quadrature domain that is often a regularly shaped sub-

domain. The MLPG method has been used for solving various engineering problems such as fracture 

mechanics [12], elasto-dynamic [13] and dynamic fracture [14] problems. In [15], the six different types 

of MLPG methods were introduced on the basis of different test functions. A new meshless local Petrov-

Galerkin method has also been introduced in [16] to solve the elastostatic problems.  
MLPG was also used for analyzing the 2-D crack in FGM with MLS technique and step test function 

[17]. Cracks in isotropic functionally graded materials under static load are analyzed by MLPG in [18]. 
Effect of angle between the material gradation direction and crack length on mixed-mode stress intensity 
factor of FGM plates under static load is investigated by MLPG method in [19]. Effect of FGM gradation 
direction on mixed-mode crack initiation angle under static and dynamic load is investigated by MLPG 
method in [20]. Sladek et al. [21, 22] used MLPG and the modified interaction integral for the evaluation 
of stress intensity factors in FGMs. Recently, the dynamic fracture of anisotropic FGMs has been studied 
using the MLPG method [23,  24]. For more information on dynamic fractures of FGMs, see also [25]. 

In this paper, MLPG method is used to analyze the dynamic fracture of an isotropic FGM plate that 
contains a center crack. The time history of normalized dynamic stress intensity factor (NDSIF) in the 
center cracked plate with two different material gradations (along and normal to the crack) and three 
different FGM zones (10%, half and full of plate length) under step load are explored. 

Moving least square (MLS) has been applied to estimate the shape function. The direct method [26] 
is used to impose the essential boundary conditions. Enriched weight function method is used to simulate 
the displacement and stress field around the crack tip. The dynamic stress intensity factors are calculated 
using the path independent J* integrals, which are formulated for the non-homogeneous material under 
dynamic condition. 
 

2. THE MLPG METHOD 
 
In this section, the MLS approximation and the weak formulation, on which the MLPG method is based, 
are introduced. The following derivation of the MLPG formulation is given by [10, 11]. 
 
a) MLS scheme  
 

The MLS approximation is widely used in meshless methods for constructing meshless shape 
functions. The interpolation function  hu x of a field variable u(x) is defined in a domain x by 
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where, N is the number of nodes in the support domain of point x, for which the weight function is 
nonzero, Iu is the nodal parameters of the field function for node I, in the support domain, and  I x is 
the shape function for the node number I, defined by 
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where, axxd   is the distance between the sampling point x and node xa, c is a constant controlling 
the shape of the weight function, r is the radius of the circular support domain of the weight function and 
H is the Heaviside unit step function. 
 
b) Weak formulation and discretization 
 

For a two-dimensional elastodynamic problem on the domain   bounded by the boundary , the 
governing equation, boundary conditions and initial conditions are respectively given by 
 

(6) .       σ b u u   

(7)

Essential boundary condition              uon u = u  

Natural boundary condition .             ton σ n t  

Displacement initial condition 0 0( , ) ( )        t   u x u x x  

Velocity initial condition 0 0( , ) ( )        t   u x v x x  

 
where, σ  is the stress tensor, b  is the body force vector,   is the mass density,   is the damping 
coefficient, u  is the displacement vector, 2 2/ t  u u  is the acceleration vector, / t  u u  is the 
velocity vector, n  is the unit outward normal to the boundary  , and u , t , 0u  and 0v  are the prescribed 
displacements, tractions, and the initial displacements and velocities, respectively. 

A generalized local weak form of (7) over a local sub-domain Q can be written as 

(8)0).(  Q

dW Iu u bσ    
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where, IW is the test function defined in (5).  
Using the divergence theorem and substituting the MLS approximation (1) into (8) and rearranging 

the result, leads to 

(9)
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Using the Hooke's law for a linear elastic solid, one obtains 

(14)

0

0
N N

j j j j
j j

x

y

y x

 
 
 
 
 
 
 
 
 




  


 
 

 σ c ε c Φ u c B u
 

where 

(15)
0

0
j

j
j




 
  
 

Φ  

and the compliance matrix c  for a homogeneous isotropic solid is defined as 
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where, vv *  , *E E  for the plane stress condition and  * 2/ 1v v v  ,  * 2/ 1E E v   for the 
plane strain condition. The tractions t at a point x can be written as 
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where, n  is the unit outward normal vector on the boundary  as 
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Substitution of (14) - (18) into (9) leads to the following discrete systems of linear equations for the Ith 
node: 

(19)   
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The matrix form of the above equation can be written as 

(20)
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where the nodal stiffness, damping and mass matrices and the nodal force vector are defined, respectively, 
as 
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To evaluate the integrals in equations (21-24) Gauss–Legendre quadrature rule could be used. This is a 
simple and easy to use method but is relatively time consuming. The analytical integrations, which 
reduces the computational time is also presented in [27, 28 and 29]. In the present paper, because of the 
nature of the studied cases, the Gauss–Legendre method was preferred, and so was applied to the model. 
 
c) The direct method [26, 10] 
 

Denote the prescribed displacements on the essential boundary at node I as 

(25)
I I
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According to (1), the essential boundary condition for node I will be directly imposed by replacing 
(2 -1)thI and 2 thI  rows of the stiffness matrix and the force vector with  
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 respectively. 

 
3. THE TIME INTEGRATION SCHEME 

 
a) Central difference method [10] 
 
The central difference method (CDM) consists of expressing the velocity and acceleration at time t in 
terms of the displacement at time t t , t and t t   using central finite difference formulation: 

(26)2

1
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where t is the time step. Then, the response at time t t   is obtained by evaluating the equation of 
motion at time t . The CDM method is conditionally stable so that the solution is stable when the time step 
is sufficiently small. 
 
b) The Newmark method [10] 
 

The Newmark family of methods can be used to integrate (20). The recursive relations for 
displacements and velocities at times t t  and t are given by 

(28)
2

3

2t t t t t t t t

t
t t   


     u u u u u    
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t t t t t tt t      u u u u     
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(30)t
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in (28) and (29), one gets 
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(32) 1t t t t t tt t        u u u u     

where γ and β are the parameters which control the stability and the accuracy of the time integration 
scheme. In this paper, 25.0  and 5.0  are used for all calculations. 

Writing (20) at time tk+1= (k+1)∆t and substituting from (31) and (32) yields the following system of 
equations: 
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In this paper, the Newmark method is used to solve discrete dynamic equations. 
 

4. SOLVING FRACTURE MECHANICS PROBLEMS USING THE MLPG METHOD 
 
To solve the fracture mechanics problems using the meshless methods, it is necessary to increase the 

numbers of nodes in neighborhood of the crack tip, causing an increase in computation time. One of the 

most commonly used methods to avoid this problem is enriching base functions. In this method, the 

following functions are added into the monomial base functions [30]. 
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(35)cos , sin , cos sin , sin cos
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where,  ,r  is the cylindrical coordinate with origin located at the crack tip and the positive angle 
measured counter-clockwise from the axis of the crack. 

Despite the simplicity in the method of enriching the base functions, using it causes an increase in the 
number of base functions and consequently an increase in the time required for calculating the shape 
function.  

The displacement field around the crack tip is normally discontinuous, but in meshless methods, 
continuous test functions and their derivatives are always used to simulate the problem. Therefore, various 
methods have been developed to create discontinuity of displacement field around the crack tip, like 
visibility [31] and diffraction criteria [32]. 

In this paper, the analysis of fracture mechanics problems has been carried out substituting functions 
(36) with test Function (5). 

(36)

)(*)2/cos()x(1 dWr I   

      )(*)]2/sin(1[)x(2 dWr I   

     )(*)]2/sin(1[)x(3 dWr I   

These weight functions have the same behavior of r  near the crack tip. The functions )x(2 and 
)(3 x are two -valued functions and cause the discontinuity of shape function and displacement field along 

the crack [33]. Regarding the mentioned qualities, the weight function )x(1 in the front points of the 
crack, the weight function )x(2 in the upper points of the crack, and weight function )(3 x in the lower 
points of the crack are usable. Due to the limitlessness of the above functions derivatives in the definite 
location of the crack tip, three nodes in the front, bottom and top of the crack and near the crack tip have 
been used. Therefore, using the enriched weight functions, it is not necessary to develop the base functions 
and use the rectification methods of displacement field. 
 

5. FRACTURE IN FUNCTIONALLY GRADED MATERIALS 
 
The elastic properties at any point in FGMs can be assumed to be the same in all directions, hence at the 
continuum level FGMs can be considered as isotropic nonhomogeneous solids [3]. The elastic modulus 
and density variations can be assumed as [3]: 
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where β is a non-homogeneity factor. 
The J integral method is commonly used to evaluate the SIFs in homogenous materials [4], but is 

path dependent for non-homogeneous cases. To overcome the challenge, Eischen has introduced a new 
path independent integral J* for elastostatic problems [5]. For elastostatic and elastodynamic problems, 
Sladek et al. [21, 22] modified interaction integral for the evaluation of stress intensity factors in FGMs. In 
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this paper the J* integral formulation for elastodynamic problems is presented using the same procedure as 
[5, 21]. 

The elastic strain energy density function W for nonhomogeneous solid is defined by 

(38)    ),(WW iij x  

Note that when the material is homogeneous, the strain energy function will be )(WW ij . For 
nonhomogeneous elastic solid elastic, strain energy can be written in the following form: 
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where the term for the “explicit” derivative of the strain energy density for non-homogeneous materials 
becomes 
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Using the strain-displacement relations, one obtains 
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Hence, by using the symmetry properties of the stress tensor 
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The above equation can be written as follows 
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Substituting (45) to (40) yields 
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Substituting the equilibrium equations ( iii
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) into the above equations, leads to 
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where kj  is the Kronecker delta function. 
An integral form of (47) proves necessary for application in computational work. A regular bounded 

region Ω enclosed by a curve Γ whose unit outward normal vector is n is considered. Applying the 
divergence theorem results in the following equation: 
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In applying the divergence theorem it was assumed that field quantities were continuous, bounded, and 
generally differentiable on Ω. Since the stress and strain fields are singular at the crack tip and the 
displacements are discontinuous across both crack-surfaces, a cut-off along the crack with a small region 
in the vicinity of the crack-tip Ωε has to be excluded. The radius of Ωε is considered to be very small and 
shrunk to zero in the limiting process. Tractions are permitted to act on the crack surfaces. The crack is 
parallel to the x1 axis of the local Cartesian coordinate system. So, the above equation can be written as 
(see Fig1): 

 

Fig. 1. J* Integration paths 
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The left side of the above equation is identical to the definition of the J*. 

Let k=1, then 
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Let k=2, then 
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According to Eischen's work, KI and KII could be defined as follows: 
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where *
tipE is the modulus of elasticity at crack tip position. 

 
6. STUDIED CASE 

 
A center cracked plate made of FGM with two different material gradations (along and normal to the 
crack length) under the effect of step load are considered here. For each gradation, three different lengths 
are assumed for FGM zone (10% or edge, half and full plate length), hence the following six distinct 
problems are studied (Fig.2): 
(a) Material gradation along the crack with full gradation (ACFG), half gradation (ACHG) and edge 

gradation (ACEG). 
(b) Material gradation normal to the crack with full gradation (NCFG), half gradation (NCHG) and 

edge gradation (NCEG). 
 

 
Fig. 2. A center cracked plate, in which material is (a)along  the crack with full gradation (ACFG) (b)normal 

 to the crack with full gradation (NCFG) (c)along  the crack with half gradation (ACHG)  
(d)normal to the crack with half gradation (NCHG) (e)along  the crack with edge  

gradation (ACEG) (f)normal to the crack with edge gradation (NCEG) 
 
All problems are solved for period up to 20(μs) and the time history of the NDSIF of mode-I 
( aPK I / ) and mode -II ( aPK II / ) is calculated for the different values of 12 / EE . 

The following are the plate specifications which are used in the analyses: 
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  and all initial values at t=0(s) are zero. 

To validate the method, the homogenous center cracked plate problem ( 1/ 12 EE ) is analyzed first. 
In Fig. 3 the MLPG results with different nodes are compared with the analytical solution for an infinite 
plate [34]. The figure shows good agreement between the MLPG results and the analytical solution in the 
studied homogenous center cracked plate. As the graph demonstrates, the value of NDSIF remains zero up 
to approximately t=2.5(μs), when the dilatational wave reaches the crack. The value of NDSIF then 
fluctuates and finally converges to a specific value which is approximately equal to static stress intensity 
factor. Comparison between the converged value and the analytical static solution [35] shows good 
agreement, too. 
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Fig. 3. The time history of the normalized stress intensity factor aPK I /  for homogenous center cracked plate 

by MLPG and analytical methods up to time 11 (μs) 
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ACHG case
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ACEG case

 
(a)     (b)    (c) 

Fig. 4. The time history of the normalized stress intensity factor aPK I /  for different  

values of 12 / EE (a) ACFG case (b) ACHG case (c) ACEG case 
 
In Fig. 4, the time history of the aPK I /  for various amount of 12 / EE  is plotted for ACFG, ACEG 
and ACEG cases. The graphs show that the increase in 12 / EE  ratio will cause the value of NDSIF to 
increase, but for the ACEG case the variation of NDSIF is small. From Fig. 4 it can be observed that the 
change in gradation direction normal to the crack has no effect on KI and KII distribution which would be 
expected physically, as the crack is located in the middle of the plate. In Figs 5 & 6, for different values of 

12 / EE , NCFG, NCHG and NCEG cases the time history of the NDSIF of mode -I and mode -II is plotted, 
respectively. The converged (normalized static stress intensity factor) and peak (time is about 12 μs) 
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values of aPK I /  and aPK II / in terms of different 12 / EE  for ACFG, ACHG, ACEG, NCFG, 
NCHG and NCEG cases are listed in Table 1. From Figs 4 & 5 and Table 1 it can be observed that in half 
of the cases, NDSIF is the maximum value for 1/ 12 EE  and the minimum value for 1/ 12 EE . 

 

Time( s)

N
o

rm
a

liz
e

d
K

I

0 5 10 15 20
0

0.5

1

1.5

2

2.5

3

3.5

E2/E1=10
E2/E1=5
E2/E1=1
E2/E1=0.2
E2/E1=0.1



NCFG case

Time( s)

N
o

rm
a

liz
e

d
K

I

0 5 10 15 20
0

0.5

1

1.5

2

2.5

3

3.5

E2/E1=10
E2/E1=5
E2/E1=1
E2/E1=0.2
E2/E1=0.1



NCHG case
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NCEG case

 
(a)      (b)    (c) 

Fig. 5. The time history of the normalized stress intensity factor aPK I /  for different values of  

12 / EE (a) NCFG case (b) NCHG case (c) NCEG case 
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NCFG case
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NCHG case
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NCEG case

 
(a)      (b)    (c) 

Fig. 6. The time history of the normalized stress intensity factor aPK II /  for different values of  

12 / EE (a) NCFG case (b) NCHG case (c) NCEG case 

 
Table 1. The converged and peak (about 12 microseconds) values of dynamic NSIF Mode I and II in terms 

 of different 12 / EE  for ACFG, ACHG, ACEG, NCFG, NCHG and NCEG, cases 

10 5 1 0.2 0.1 E2/E1 
Peak 
value 

Converged 
value 

Peak 
value 

Converged 
value 

Peak 
value 

Converged 
value 

Peak 
value 

Converged 
value 

Peak 
value 

Converged 
value 

Gradation 

2.621 1.527 2.550 1.486 2.394 1.397 2.269 1.320 2.232 1.29 ACFG- KI 

2.832 1.588 2.697 1.527 2.394 1.397 2.143 1.279 2.041 1.229 ACHG- KI 

2.431 1.385 2.416 1.389 2.394 1.397 2.386 1.403 2.386 1.404 ACEG- KI 

2.573 1.471 2.484 1.433 2.394 1.397 2.484 1.433 2.573 1.471 NCFG- KI 

3.496 1.944 3.105 1.754 2.394 1.397 1.991 1.165 1.887 1.099 NCHG- KI 

3.082 1.764 2.889 1.660 2.394 1.397 2.048 1.198 1.951 1.144 NCEG- KI 

0.079 0.093 0.054 0.060 0 0 0.054 0.060 0.079 0.093 NCFG-KII 

0.200 0.225 0.098 0.111 0 0 0.001 0.024 0.027 0.017 NCHG-KII 

0.078 0.008 0.035 0.006 0 0 0.049 0.045 0.086 0.067 NCFG-KII 
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7. CONCLUSION 
 
In this paper, the meshless local Petrov-Galerkin method is used to analyze the dynamic fracture of an 
isotropic FGM plate containing a center crack. The time history of the normalized dynamic stress intensity 
factor of modes I and II in the center cracked plate with two different material gradations (along and 
normal to the crack length) and three different lengths of FGM zone (10%, half and full plate length) 
under the effect of step load are studied.  

The obtained results show a good agreement between the analytical solution and the MLPG results 
for homogenous material. For the three different FGM zones that are studied here, the extreme values of 
NDSIF occurred in the half-length case; when the hardening ( 1/ 12 EE ) behavior was applied, the 
maximum value and the minimum value obtained in softening FGMs ( 1/ 12 EE ) are given. 

The increase in 12 / EE  ratio causes the value of normalized dynamic stress intensity factor (NDSIF) 
to increase. The results demonstrated that in the NCFG case the use of hardening or softening behavior has 
no effect on KI and KII distribution. This is because of the location of the studied crack, which is in the 
middle of the plate, and so this would be a physically expectable result. 
For the ACEG case, the material gradation has a negligible effect on NDSIF, however, this effect is 
significant for the NCEG case.  
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