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Abstract– In this paper, a computational technique is presented based on the natural element 
method (NEM) for large plastic deformation simulation of the metal forming problems. NEM is a 
numerical technique in the field of computational mechanics and can be considered as a meshless 
method. The selected process is backward extrusion for circular shape hollow components from 
round billets. The punch stroke value is divided into sub-steps, whereas a new set of nodes become 
active at the end of each sub-step of deformation. Solutions are obtained for different area 
reductions under friction condition. Hollman-Ludwik law is selected to explain the material 
behavior after the yielding point. The experiments are carried out with fully annealed commercial 
aluminum alloy billets at room temperature, using various punch sizes. A set of die and punches 
are designed and constructed for experimental works. The validity of the proposed method is 
verified by comparing the results from deformed geometry, contours of equivalent strain and 
forming loads with those obtained from finite element simulation and experimental measurements. 
It is concluded that the results obtained by NEM are in good agreement with those from FEM and 
experiments and therefore, the meshless natural element method is capable of handling large 
plastic deformation.           
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1. INTRODUCTION 
 

Extrusion (backward and forward) is one of the most utilized bulk metal forming processes. It is 
particularly suitable when high reductions in area are required. It is a difficult task to simulate a non-linear 
metal forming process involving large material deformation, history dependent material behavior and 
contact simulation. Using the finite element method (FEM) for simulation of metal forming processes 
originated in the late 1960s. Marcal and King [1] and McMeeking and Rice [2] used FEM for steady state 
metal forming simulation. Gouveia et al. [3] simulated cold forward extrusion by using updated 
Lagrangian and combined Eulerian-Lagrangian formulation and found excellent agreement for the flow 
pattern and strain distribution within the plastically deformed region. Moshksar and Ebrahimi [4, 5] used 
upper bound analysis in backward extrusion for circular and regular polygonal components and compared 
load stroke and material flow between upper bound theory and experimental results.  

 Although the finite element method is robust and has been thoroughly developed, it needs 
regeneration of the meshes in solving the metal forming problems. When the mesh becomes too distorted 
in a particular domain, a new mesh must be generated and the variables associated with material history 
must be mapped from the old mesh to the new. This introduces additional errors that meshless formulation 
can avoid. To overcome the difficulty associated with remeshing, the past decade has seen a tremendous 
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surge in the development of a family of Galerkin and collocation-based numerical methods known as 
particle, gridless, meshfree, or meshless methods. The meshless method is a node-based numerical method 
and has various ways to solve the metal forming problems. Some essential advantages of the meshless 
methods are: a) The approximation functions are not dependent upon the meshes. This reduces the 
difficulties resulted from the distorted meshes. b) Only the nodal position information is needed. c) In the 
meshless methods, the results on the elements boundaries are smooth and continuous, whereas in FEM, 
there may be some discontinuity on the edge of the elements. 

In metal forming simulation, Guo and Nakanishi [6] used element-free Galerkin (EFG) method with 
moving least squares approximation to simulate plane strain backward extrusion. Guan et al.  [7] used 
element-free Galerkin method for non-steady metal forming processes simulation.  

Liew et al. [8] used reproducing kernel particle for large deformation analysis in simply-supported 
beam under uniform pressure and etc., Lu et al. [9] simulate the buckling in sheet metal forming based on 
meshfree, Alfaro et al. [10] focus on the description and analysis of the NEM and its application for 
simulation of some forming processes involving large displacements. Li et al. [11] simulated ring 
upsetting based on corrected smooth particle hydrodynamics (SPH). 

The natural element method (NEM) is a Galerkin-based method that is built upon the notion of 
natural neighbor interpolation. This interpolation scheme has very striking properties, such as its strictly 
interpolating character, ability to exactly interpolate piece-wise linear boundary conditions, and a well-
defined and robust approximation with no user-defined parameter on non-uniform grids. 
Non steady-state metal forming problems such as backward extrusion involve high mesh distortion with 
large material deformation and boundary motion, non-linear material behavior, and continuous changes in 
boundary conditions. In this paper, the authors’ aim is to present the procedure developed on natural 
element and dividing punch stroke to sub-steps. First, the distribution of nodes in the probable solving 
domain is assumed and at the end of each sub-step, active nodes are selected for next step solution. These 
nodes constitute the new solving domain. The experiments are also designed in order to cover 
axisymmetric material flows commonly found in metal forming processes. Solutions are obtained for 
different area reductions under sliding friction condition. For the metal flow consideration, the workpieces 
are cut into halves before extrusion and a square grid printed onto the contacting surfaces in order to 
facilitate visualization of metal flow. Hook and Hollman-Ludwik laws are respectively used to explain 
material behavior in elastic and non-linear plastic parts. Remeshing process is used for FEM simulation 
[12]. A MATLAB code is established for the FEM and NEM simulation. The accuracy of the proposed 
method is verified by comparing the results for material flow, geometry, forming load and equivalent 
strain distributions with those obtained from experimental measurements and FEM results. 
 

2. THE NATURAL ELEMENT METHOD 
 
NEM is based on an interpolation plan called natural neighbor interpolation frequently used for 
unstructured interpolation in geophysics [13, 14]. This interpolation scheme is, in turn, based on the 
concepts of voronoi diagram and delaunay triangulations [15].  

For a given problem domain with arbitrary geometry as shown in Fig. 1, a set of nodes are used to 
represent the internal domain and its boundary. Then, suppose that on sample point X is a random 
numerical integral point in the domain Ω (Fig. 2). 
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Fig. 1.  Discrete node model in region Ω and the arbitrary integrate point 

 

 
Fig. 2.  Voronoi tessellation on nodes in assumed region 

 
A Delaunay triangulation is the unique triangulation for a given set of points that satisfies the empty 
circumcircle. This means that the circumcircle of each triangle contains no other point than the three 
points that form the triangle. The Delaunay triangulation is the dual structure of the Voronoi tessellation 
(also known as Dirichlet tessellation). Each Voronoi cell represents the space closest to a given node. 
Thus, a first-order Voronoi diagram for a set of nodes N={n1,n2,…,nm}∈R2  is a subdivision of the space 
in regions TI such that any point in TI is closer to the node nI, to which this region is associated, than to 
any other in N. Formally 

( ) ( ){ }IJx,ndx,n:dRxT JII ≠∀<∈= 2                                   (1) 
 

where d(.,.) represents Euclidean distance. Two nodes whose associated Voronoi cells share an edge are 
called natural neighbors. 

The Voronoi tessellation is always unique but the polygons associated with points on the boundary of 
the convex hull are unbounded. This has important consequences in the interpolation scheme, as will be 
demonstrated. A Voronoi polygon is thus the intersection of the half spaces defined by perpendicular 
bisecting lines to the segment joining each pair of nodes nI, nJ. 

The natural neighbor interpolation scheme is based on the definition of the second order Voronoi 
tessellation (Fig. 2). A cell TIJ in the second-order tessellation is the locus of points that have node I as the 
closest node and the node J as the second closest node 

 

( ) ( ) ( ){ }I,JKx,ndx,ndx,n:dRxT KJIIJ ≠∀<<∈= 2                      (2) 
 
If a new point x is introduced in the initial set N and the new tessellation is built, the natural neighbor 

co-ordinates of the point x with respect to one of its neighbors I is defined as the ratio of the area of TI that 
has been transferred to Tx to the total area of TxI. 

Sukumar et al. [15] presented this definition more formally. Using k(x) and kI(x) as Lebesgue 
measures (length in R2) of Tx and TxI, the natural neighbor co-ordinate of x with respect to the node I can 
be written as: 
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( ) ( ) ( )xkxkx II =ϕ                                                              (3) 
 

where,  (Fig. 3) 
 

abcdeaef AA=1ϕ                                                               (4) 
 

The other interpolation functions are presented in Table 1 and are compared with the interpolation 
functions obtained from FEM (Fig. 4). 

 

 
Fig. 3.  Definition of the natural neighbor co-ordinates for determination 

 interpolation functions of point x based on NEM 
 

Table 1. Interpolation functions in FEM and NEM 
 

Interpolation function φ1 φ2 φ3 φ4 φ5 
FEM 0 Ax45 /A245 0 Ax25 /A245 Ax24 /A245 
NEM Aaef /Aabcde Aabghf /Aabcde Abcg /Aabcde Acdhg /Aabcde Adefh /Aabcde 

 

 
Fig. 4.  Determination interpolation functions of point x based on FEM 

 

From this definition, the unknown parameter field ( ) 22: RRxu →⊂Ω is approximated in the form 
 

( ) ( ) I
n

I
I

h uxxu ∑
=

=
1
ϕ                                                             (5) 

 
where uI is the vector of nodal parameters of the n natural neighbors of the point x. NEM formulated in 
this way has some remarkable properties in the context of meshless methods [15]. 

Using Eq. (3) and Eq. (4), it is clear that 
 

( ) ijji δx =ϕ                                                                        (6) 
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and, consequently, the nodal parameters uI are the nodal displacement. This allows us to impose nodal 
prescribed values by directly substituting them in the Galerkin procedure. It has also been proved that the 
NEM interpolation functions form a partition of unity [15]. 

The linear consistency of the interpolant is derived after the local co-ordinate property 
 

( )∑
=

=
n

I
JI xxx

1
ϕ                                                                (7) 

 
in conjunction with the partition of unity property. This means that the natural neighbor interpolant can 
exactly reproduce a linear or constant displacement field. In the two-dimensional case, the approximation 
properties of the NEM interpolant depend on the relative node distribution. If a point x has only three 
natural neighbors, the interpolation obtained is equivalent to barycentric co-ordinates, or constant strain 
finite element interpolation functions. Bilinear interpolation is obtained over the rectangle if the point has 
four natural neighbors in a regular grid. 

Another important property of natural neighbor interpolants is the ability to reproduce linear 
displacement fields over the boundary of convex domains [15]. 
 

3.  NEM FORMULATION FOR LARGE PLASTIC DEFORMATION PROBLEMS 
 

a) NEM matrices for large plastic deformation problems 
 

The object of the mathematical theory of plasticity is to provide a theoretical description of the 
relationship between stress and strain for the material which exhibits an elasto-plastic response. In 
essence, plastic behavior is characterized by an irreversible straining which is not time dependent and can 
only be sustained once a certain level of stress has been reached. The yield criterion used is Von-Mises. 

The discretized matrix equation, by applying the natural element shape function to the incremental 
governing equation is of the form [8]: 

 
FuK Δ=Δ                                                                            (8) 

where the stiffness matrix K is given as: 
 

∫
Ω

Ω= dDBBK J
T

I  for the first iteration                         (9) 

GNL KKK +=  for the other iteration                     (10) 
 

with D being the elastic matrix, and 
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∫
Ω

Ω= dBDBK NLJep
T

NLINL                                                            (12) 

∫
Ω

Ω= dQBBK GJ
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T
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F is the deformation gradient matrix and Q is the initial stress matrix. The elasto-plastic incremental 
stress-strain relation is defined by, 

 
εσ dDd ep=                                                                       (16) 

 

[ ] [ ][ ][ ] [ ]
[ ] [ ][ ]

T

ep T

D a a D
D D

H a D a
⎡ ⎤ = −⎣ ⎦ +

                                         (17) 

 
Based on Von-Mises yield criteria, the flow vector a is equal to, 

 

[ ] ( ) { }zxyyx

zyxxy

Ta στσσ
σσστ

′′′
′+′+′+

= 2
5.02

3
2222

                   (18) 

 
and H is the strain hardening coefficient defined by: 

 

EE
E

d
dH

T

T

p −
==

1ε
σ

                                                                 (19) 

where ET is elasto-plastic tangent modulus. 
During the application of an incremental load, a node or particle may yield. All the stress and strain 

quantities are monitored at each Gaussian integration point and therefore it can be determined whether or 
not plastic deformation has occurred at such points. For any load increment, it is necessary to determine 
what portion of material is elastic and which part plastic. The stress return-mapping method [16, 17, 18] is 
employed here to let the stress satisfy the yield condition. For instance, if in the i-th iteration, the 
equivalent stress calculated using the linear constitutive relation is larger than the yield stress, it will then 
be mapped to the yield surface by the return-mapping technique.   

 
b) Solving procedure 

 
There are some methods for solving nonlinear problems such as Newton-Raphson method, corrected 

Newton-Raphson method and Initial Stiffness method [16]. In these methods, the external force, stress or 
displacement is applied in several steps and iteration method is used to calculate all stress and strain 
components in each step. At each sub-step, the unbalanced forces are also calculated by comparing 
equivalent nodal forces with the applied loads. The equivalent nodal forces are of element r, ( )ref  

 

(20)                                                            ( ) dsBf r

s

Tre σ∫∫=  

[B] is the matrix of shape function derivatives which relates the nodal displacements to the strain and σ is 
state of stress on the element. extF  is computed by assembling the equivalent nodal forces on the whole 
problem domain.  The convergence tolerance is calculated by: 

 

 extunb FFTol =                                                                          (21) 
 

If convergence tolerance is greater than the specified value (for example 0.01), the residual forces are 
minimized by correcting internal stress until the specified convergence tolerance (0.02 in this work) is 
satisfied. 
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A cloud of nodes is assumed in the problem domain. The nodes in the problem domain are selected 
as the active nodes (Fig. 5a for initial step and Figs. 5b, 5c for successive steps). The stiffness matrix is 
calculated for active nodes based on natural element method. Figure 6 shows active Gauss points 
distribution used in gauss integration for stiffness matrix calculation. After each iteration, the new profile 
is obtained by the new location of nodes and the nodes on the new profile are selected as the active nodes 
for the next step. Then, the next external force or displacement growth is applied. The solving algorithm is 
presented in Fig. 7 [16]. 

 
Fig. 5.  Active node (solid circle) specification in different step of punch penetration 

 

 
Fig. 6. Active Gauss points distribution for first step 

 

 
Fig. 7. Solving algorithm diagram 
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4. RESULTS AND DISCUSSION 
 

A computer program based on NEM and re-meshed FEM calculations was developed and the validity and 
efficiency of the proposed NEM for two dimensional forming processes were evaluated by comparing the 
computer numerical results with those obtained from the experiment. Commercial aluminum was chosen 
as the work material for the experiments. Specimens made from round bars were annealed at 430° C for 3 
hours. In order to obtain the material properties, compression tests were carried out at room temperature 
using a universal testing machine. From the tests, the stress-strain relationship was obtained as 

MPa314.0209εσ = .   
 

a) Simple tension test  
 

In order to check the validity of NEM formulation, a simple uniaxial tension test was simulated and 
the result are compared to re-meshed FEM and well known Hollman-Ludwik law.  In simple tension test, 
the stage before necking is homogeneous, whereas MPa314.0209εσ =  represents the stress-strain 
relationship for using material. The applied axial stress σzz, coincides with the flow stress σ  for the load 
path, and the axial natural strain εzz is that of effective strain ε . 

 

0
ln,

l
l

A
F

zzzz ==== εεσσ                                                                 (22) 

 
where l, l0 are the current and original gage, respectively. Thus 
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Considering no volume change: 

 
( )lllAA Δ+= 000                                                               (24) 

 
Figure 8 shows the dimension of the tensile test specimen. Due to symmetry, only a quarter part of the 

specimen was used in the FE and NE simulation (Figs. 9, 10). The mesh agreement for FE simulation 
consists of 48 nodes and 66 triangle elements and for NE only 48 nodes are assumed for simulation. 10mm 
tensile displacement was applied in 150 sub-steps for the test loading. Figure 11 compares the force-
displacement diagram obtained from the NE with FE and Hollman-Ludwik law. As it can be seen, very 
good agreement is achieved. Figure 12 compares the force-displacement diagram obtained from the NEM 
for different sub-steps (50, 75, 100, 150 and 200) with Hollman-Ludwik law. According to this figure, 100 
sub-steps have the best agreement with Hollman-Ludwik law. Figure 13 compares the force-displacement 
diagram obtained from the NEM for several node distributions (21, 30, 36, 44 and 48) with Hollman-
Ludwik law. It can be seen that the accuracy of the results increases as the number of nodes increases. 
Moreover, the diagrams for 36, 44 and 48 nodes are very close to each other and are in good agreement 
with Hollman-Ludwik law. 

 
Fig. 8. Geometry of the tensile test specimen, (mm) 
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Fig. 9. Initial elements and nodes of a quarter of the tensile test 

   

 
Fig. 10.  Initial nodes distribution of a quarter of the tensile test 

 

 
Fig. 11.  Compression between Hollman-Ludwik law, FE and NE simulation results in tensile test 

 

 
Fig. 12. Compression between Hollman-Ludwik law and several 

            sub-steps in NE simulation results in tensile test 
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Fig. 13.  Compression between Hollman-Ludwik law and several node distribution  

in NE simulation results in tensile test 
 

b) Backward extrusion 
 
Compression tests on flat, ring-shaped specimens were carried out to evaluate friction factor m. These 

tests exhibited values of the friction factor m between 0.15 to 0.22 depending on the type of lubricant. The 
friction factor at the die work-piece contact interface was estimated as m=0.2. Some work-pieces were cut 
into halves before extrusion and a square grid was printed on the contacting surface in order to be able to 
visualize the material flow. In order to maintain a close fit in the container two dumped and indented 
billets were used to produce the two halves for each backward extrusion billet. The tests were performed 
at room temperature with a slow strain rate. Circular-shaped tubes were produced from cylindrical-shaped 
billets and cylindrical punches. 

A 200KN press and a proper constructed die set were used to perform the experimental tests [4, 5]. 
The extrusion loads were recorded during the experiments. 

A 3D cylindrical billet is extruded through a rigid circular die as shown in Fig. 14. The punches 
dimensions and corresponding area reductions are given in Table 2. Backward extrusion is achieved by 
prescribing displacements at the top end of the punch. Due to Axial axisymmetry, only one half of 2D 
pattern is modeled. Figures 15 to 18 compare the NEM strain contour curves to those of the FEM results 
and experimental flow patterns. The simulation results truly indicate the formation of dead metal zone 
regions under the flat surface of the punches. These figures show NEM results are in agreement with the 
geometries observed from FEM and the experimental results. Also, the highly deformed region extending 
from the punch corner is clearly shown in both the NEM strain contour curves by comparison with the 
FEM strain contour curves and experimental grid distortions. Good agreement between the strain 
contours and experimental flow pattern are observed. In Figs. 19a to 19d, the comparison between the 
geometry profile for one quarter of the cross section of the extruded parts is presented. As can be seen, 
very good agreement is achieved. In Figs. 20a to 20d, the prediction forces from NEM simulation are 
compared with those of FEM simulation and the true forces obtained by experimental tests. The tolerance 
of workpiece, die and punch and the friction factor used in NEM simulation may be considered as error 
sources in the NEM simulation. The curves obtained from NEM simulation show a high increase in the 
forming force at the end of punch depression where the deformation zones collide at the bottom surface 
of the dies. The tendency of the curves shows good agreement between the NEM, FEM and the 
experiments.   
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Fig. 14. Geometry of die, workpiece and punch, measurements in mm 

 
Table 2. Punch diameter and reduction in area 
d(mm) 10 12 14 16 

Reduction in area 17.4% 25% 34% 44.4% 

 

 
Fig. 15. Comparison between equivalent strain contour for 17.4% reduction in area 

 

 
Fig. 16. Comparison between equivalent strain contour for 25% reduction in area 
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Fig. 17. Comparison between equivalent strain contour for 34% reduction in area 

 

 
Fig. 18. Comparison between equivalent strain contour for 44.4% reduction in area 

 

 
Fig. 19. Comparison between Geometrical profile for: a) 17.4% reduction in area  b) 25% reduction in area,  

c) 34% reduction in area, d) 44.4% reduction in area 
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Fig. 20. Force-punch stroke diagram for: a) 17.4% reduction in area  b) 25% reduction in area, 

c) 34% reduction in area, d) 44.4% reduction in area 
 

5. CONCLUSION 
 

A fundamental description of the natural element method and incremental plastic strain for solving non 
steady state metal forming problems like backward extrusion was examined. Experiments were also 
designed to cover the material flow, equivalent strain contour, geometry and forming load that are 
commonly found in axisymmetric backward extrusion. Commercial pure aluminum was used as testing 
material. The predicted forces obtained by NEM agree well with those obtained from FEM, and 
experiments and strain contour curves from simulation show dead metal zone regions under the flat 
surface of the punch. Identical results are observed from experimental grid distortion. The highly 
deformed region extending from the punch corner is observed in both simulation and experiments. This 
shows that the material around the punch corner rotates around the corner towards the punch side. Good 
agreement between NEM predictions, FEM results and experiments confirms the usefulness of the new 
approach for simulation of two-dimensional non-steady metal forming processes like backward 
extrusion.  
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